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Abstract
It has been discovered in recent heavy-ion experiments that elliptic and triangular flow of direct photons are un-
derpredicted by most hydrodynamic models. I discuss possible enhancement mechanisms based on late chemical
equilibration of the QGP and in-medium modification of parton distributions. Numerical hydrodynamic analyses
indicate that they suppress early photon emission and visibly enhance thermal photon elliptic flow.
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1. Introduction
Flow harmonics of particle spectra (vn) are good ob-
servables to quantify the magnitude of interaction in a
hot medium created in ultrarelativistic nuclear colliders
[1, 2]. They can be defined as
vn(pT , y) =
∫ 2pi
0 dφp cos(nφp − Ψn) dNdφppT dpT dy∫ 2pi
0 dφp
dN
dφppT dpT dy
, (1)
where N is the particle number, pT is the transverse mo-
mentum, y is the rapidity, φp is the azimuthal momen-
tum angle and Ψn is the reference angle for the n-th har-
monics. Experimental data at BNL Relativistic Heavy
Ion Collider (RHIC) and CERN Large Hadron Collider
(LHC) indicate that geometrical anisotropy of the over-
lapping region of colliding nuclei is clearly mapped
onto hadronic momentum anisotropy, leading to the no-
tion of strongly-coupled quark-gluon plasma (sQGP).
Relativistic viscous hydrodynamic models are known to
provide a quantitative description of the particle spectra
and differential flow harmonics [3], and are also stud-
ied extensively for the analyses of the beam energy scan
and the small system programs at RHIC.
One can similarly define the flow harmonics of di-
rect photons. Here the direct photons are defined as the
sum of prompt photons and thermal photons, where the
former are created in the initial hard processes and the
latter are emitted from the medium. Although the ther-
mal photons do not interact strongly with the medium,
they can inherit some momentum anisotropy from the
medium. Recent direct photons measurements have re-
vealed that its elliptic flow v2 and triangular flow v3 are
as large as hadronic counterparts [4, 5, 6]. So far hy-
drodynamic models fail to describe this as they tend
to predict much smaller values owing to the contribu-
tions of early photons with little azimuthal momentum
anisotropy. This has been recognized as “photon puz-
zle”, and many theoretical attempts have been made to
understand this intriguing problem.
In this study, I consider two possible mechanisms
which lead to enhancement of the photon flow har-
monics. First, the glasma, which follows from the
color glass condensate (CGC) [7, 8], has many high-
momentum gluons before the QGP is formed [9].
Chemical equilibration can be slower than the thermal-
ization because the former is driven by inelastic scatter-
ings while the latter by both elastic and inelastic scat-
terings. This implies that quarks are not fully produced
at the onset of hydrodynamic stage [10]. Second, the
QGP is not a free gas as suggested by the thermody-
namic results of lattice QCD [11], and the equilibrium
distributions should be modified from Fermi-Dirac or
Bose-Einstein ones [12]. The former mechanism leads
to the suppression of photons in early hydrodynamic
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stages and the latter one to the reduction of photons
from high-temperature regions. They both enhance the
photon flow harmonics because relative contributions
of the thermal photons emitted from the fluid elements
with fully-developed momentum anisotropy become ef-
fectively large. I also show numerically that thermal
photon v2 is visibly enhanced by those mechanisms.
2. Quark chemical equilibration
The heavy-ion system at high energies is described as
saturated gluons at earliest times. Chemical equilibra-
tion of quark components can take longer than thermal-
ization as elastic scattering processes do not contribute
to the former, even though they are often assumed to oc-
cur simultaneously in hydrodynamic analyses. This is
also a good analogy to the difference in the concepts of
thermal and chemical freeze-outs. One can expect sup-
pression of thermal photon emission at the beginning of
the hydrodynamic stage because quarks are required for
photon production. Since flow anisotropy develops dur-
ing the time evolution, the mechanism would effectively
enhance the photon flow harmonics.
Here I model chemical equilibration by introducing
rate equations, which should be solved with energy-
momentum conservation ∂µT µν = 0:
∂µN
µ
q = 2rbng − 2rb
neqg
(neqq )2
n2q, (2)
∂µN
µ
g = (ra − rb)ng − ra 1neqg
n2g + rb
neqg
(neqq )2
n2q,
+ rcnq − rc 1
neqg
nqng. (3)
Here Nµq = nquµ and N
µ
g = nguµ are the quark and the
gluon number currents. The quark-antiquark degrees of
freedom is included in the quark number by assuming
the vanishing limit of baryon chemical potential. Vis-
cosity and diffusion are not considered here. neqq and
neqg are the quark and the gluon densities in equilibrium,
which are determined using a quasi-particle description
of lattice QCD results in Sec. 3. Gluon splitting, quark
pair production and gluon emission of quarks are char-
acterized by the reaction rates ra, rb and rc, respectively.
The recombination processes are introduced so the rate
equations become relaxation-like equations. The off-
shell patrons are assumed to be prepared by in-medium
interaction, and thermalization to be achieved immedi-
ately after the number changing processes.
It should be noted that the quark number is changed
only by the quark pair production and annihilation here.
This implies that the quark chemical equilibration is
characterized by the time scale of τchem ∼ 1/rb. The
initial conditions for the rate equations are chosen as
nq = 0 and ng = n
eq
g + n
eq
q /2 to simulate initial overpop-
ulation of gluons. The reaction rates are parametrized
as ra = caT , rb = cbT and rc = ccT with free dimen-
sionless parameters c.
The concept of partons are valid at most above the
crossover temperature. The system is assumed to be in
complete chemical equilibrium in the hadronic phase.
3. In-medium parton distributions
The equation of state (EoS) of lattice QCD implies
that the QGP at heavy-ion temperatures is not described
as a parton gas. On the other hand, Fermi-Dirac or
Bose-Einstein distributions are inconsistently employed
in most heavy-ion models. Since the QGP photon emis-
sion rate is a functional of the parton distribution func-
tions, it is important to take the effects of in-medium
corrections into account. The effective number of the
degrees of freedom is smaller than that of the free gas
in the QGP phase. Thus, similar to the chemical equi-
libration scenario, flow harmonics of photons will have
an additional boost owing to the suppression of early
photon emission. Note that the in-medium corrections
in the hadronic phase is small because the EoS is well
described by hadronic resonance gas.
The quasi-particle model is formulated as follows. I
introduce the effective energy densityωi = (p2+m2i )
1/2+
W ieff , where W
i
eff represents the in-medium correction, to
construct an effective distribution function:
f ieff =
1
exp (ωi/T ) ± 1 . (4)
The partition function reads
lnZi
V
= ±
∫
gid3p
(2pi)3
ln
[
1 ± exp
(
− ωi
T
)]
− Φi
T
, (5)
where V is the volume, gi is the degeneracy and Φi is the
background field contribution dependent on the temper-
ature. The thermodynamic consistency condition [13]
∂Φi
∂T
∣∣∣∣
µB
= −
∫
gid3p
(2pi)3
∂ωi
∂T
∣∣∣∣
µB
f ieff , (6)
relates Φi and ωi, where the baryon chemical potential
µB = 0. The standard thermodynamic relations lead to
e = − 1
V
∑
i
∂ lnZi
∂β
∣∣∣∣
αB
=
∑
i
∫
gid3p
(2pi)3
ωi f ieff + Φ, (7)
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Figure 1: The effective correction to the energy Weff . The dotted line
denotes the temperature region below 0.17 GeV.
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Figure 2: The background field contribution Φ/T 4. The dotted line
denotes the temperature region below 0.17 GeV.
P =
1
V
∑
i
T lnZi
= ±T
∑
i
∫
gid3p
(2pi)3
ln
[
1 ± exp
(
− ωi
T
)]
− Φ,
(8)
where Φ =
∑
i Φi and αB = µB/T = 0.
The effective correction to the energy W ieff is deter-
mined so that e and P of lattice QCD calculations [14]
are reproduced. Here it is simply assumed to be de-
pendent on the temperature and not on particle species
because of the lack of additional constraints.
Figure 1 shows Weff as a function of the temperature.
One can see that the correction is comparable to the tem-
perature and thus would be non-negligible. The back-
ground contribution Φ/T 4 is shown in Fig. 2 as a func-
tion of the temperature using Eq. (6). It is note-worthy
that Φ is relatively small compared to the energy density
and the pressure.
4. Hydrodynamic analyses
The thermal photon emission rate is calculated based
on the one for the QGP [15, 16] and the hadron [17, 18]
phases. The former reads, as functions of the effective
fugacities λq and λg,
E
dR
d3p
=
5ααs
9pi2
T 2 exp(−E/T )
×
{
λqλg
[
log
(
4ET
k2c
)
+
1
2
− γ
]
+ λ2q
[
log
(
4ET
k2c
)
− 1 − γ
]}
. (9)
Here λq = (nq/n
eq
q ) exp (−Weff/T ) and λg =
(ng/n
eq
g ) exp (−Weff/T ). γ is Euler’s constant and k2c =
g2T 2/6 is the infra-red cut-off momentum. The QGP
photon emission rate is smoothly interpolated with
the hadronic one using a hyperbolic function at the
crossover temperature Tc = 0.17 GeV [12].
The space-time evolution of the medium is estimated
using a (2+1)-dimensional ideal hydrodynamic model
[10]. A Monte-Carlo Glauber model [19] is employed
for obtaining the event-averaged initial condition for
200 GeV Au-Au collisions at the impact parameter b =
6 fm. The equation of state is the same as the one used
in the quasi-particle model discussed in Sec. 3. The ini-
tial time is τ0 = 0.4 fm/c. The thermal photon emission
above T f = 0.13 GeV is taken into account.
Figure 3 shows differential thermal photon elliptic
flow vγ2 with and without in-medium effective correc-
tions, and those with and without chemical equilibration
processes in addition to the effective corrections. vγ2 is
visibly enhanced by both mechanisms. The difference
between ideal and effective distributions can be seen at
lower pT . The reaction rate parameters ca = cc = 1.5
and cb = 0.2, 0.5 and 2.0 are chosen for the chemically
non-equilibrated results. Slower chemical equilibration
leads to larger v2 because early photon emission is sup-
pressed more.
The time evolution of the quark number density at
the center of the collision is shown in Fig. 4. Numerical
estimations agree with the observation that cb = 0.2, 0.5
and 2.0 roughly correspond to the chemical relaxation
times τchem ∼ 5, 2 and 0.5 fm/c, respectively, when the
average medium temperature is 0.2 GeV.
Figure 5 is the plot for thermal photon pT spectra.
The suppression of photons leads to the reduction of the
total photon yield in both cases. It is note-worthy that
the effects of chemical equilibration appear mainly at
high pT while those of in-medium effective corrections
are visible in a wide pT range. This implies that the
photons with lower pT are produced at later times.
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Figure 3: Thermal photon vγ2(pT ). The solid and dotted lines corre-
spond to the results with ideal and effective distribution in chemical
equilibrium. The dash-dotted, dashed and dash-double-dotted lines
are for the results with different chemical equilibration rates.
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Figure 4: Time evolution of nq at x = y = 0 fm. See the caption
of Fig. 3 for the line types. The thin lines denote the region below
0.17 GeV.
5. Summary and outlook
The effects of quark chemical equilibration and effec-
tive corrections to the parton distributions on the elliptic
flow and particle spectra of thermal photons are investi-
gated. The former leads to the suppression of early pho-
tons and the latter to the suppression of photons from
hot fluid elements. While the effects of chemical equi-
libration may be larger, they both enhance thermal pho-
ton vγ2, which is in qualitative agreement with the recent
experimental observations. On the other hand, pT spec-
trum is suppressed. It can be seen that those non-exotic
mechanisms play important roles in understanding the
direct photons in heavy-ion collisions.
Future prospects include estimation of prompt photon
contributions and calculations of higher order flow har-
monics. Introduction of chemical non-equilibrated EoS
[20] is also important for more quantitative analyses.
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Figure 5: Thermal photon pT spectra. See the caption of Fig. 3 for the
line types.
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